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Why Use Mixed-Effects Models?

= One set of parameters does not work for all groups

— e.g., biological variation, differently manufactured materials, etc.
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Traditional vs Mixed-Effects Models

= “Traditional” Statistical Model

y; = f(xz;0)+¢;5, €5 %N(0,0z)

= Mixed-Effects Model

vii = f(xij;8,bi) + €ij
/ \ Different random effect

Fixed Random parameters for each group
Effects Effects

Assumptions: b; ~ N (0, ¥)
Eij ~ N(07 02)
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Uncertainty Quantification for Mixed-Effects Models

= Bayesian inference
— Estimate parameters and quantify uncertainty

— Models in physics and biology can be high dimensional
« Bayesian inference may not be feasible

= Reduce the number of model parameters

— Sensitivity analysis, dimension reduction, model selection, etc.
« Many techniques cannot be generalized to mixed-effects models

Focus: A method for selecting a parsimonious mixed-effect model
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Materials Strength Model: Stress-Strain Data

= 4 data sets for Tantalum 510"
[1] (Murr, et al., 1995) o d
[2] (Gourdin, et al., 1994) 4 M
[3] (Johnson and Holmquist, 1989) % > *
[4] (Perez-Prado, et al., 2001) :%’
= Similar experimental .  meK2seas
conditions, very different 2 MR
responses " 0.1 0.2 0.3 0.4 05
Strain (e)
F—4Q A(\“ —>F
Stress, 0 = Cross-lzszz:onal Area 2% - L > L—AL
Physics illustrations from (NDT Resource Center, 2008) Strain = o:;?:;af::gm . ?_';

a = al
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Materials Strength Model:

Example

= Johnson-Cook Model

o= (A+Bel) (1+Cln(h)) <1 - T*m>

' T — T
;. ?—p and T% = — 0
€p0 Tm_TO

€

= Statistical model

7j = (A+Bep) (1+CEy) (1-T") + v,

iid

Vj NN(07772)

= Note that the same experimental

conditions (temperature and strain rate)

should produce the same response

Model Term | Physical Interpretation
o Stress
Ep Strain
Ep Strain Rate
Epo Reference Strain Rate (1.0 s™1)
T Temperature
T, Melting Temperature (3250 K)
To Room Temperature (290 K)
A, B,C,m,n | Model Parameters (m = 1)

© 298K, 2.5E-3s"
298 K, 1.0E-3s™
* 294K, 2.0E-3s”"
293K, 1.0E-3s™

0 0.1

0.2 0.3 0.4 0.5
Strain (e)
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Materials Strength Model: Fixed vs Mixed-Effects

Traditional Johnson-Cook

5l><10'3
4.5
41
— xx%X % x
§35 xxxxxxxxx""
£ 3
n
8,50
= 2.5 o 208K, 2.5E-3s"
o A 298K, 1.0E-3s™
2 1 * 294K, 2.0E-3s"
i 5] v 293K, 1.0E-3s”
1 | | | | |
0 0.1 0.2 0.3 0.4 0.5
Strain (e)

0;j=(A+Bey) (1+Cln(e))) (1 -T%) + vy

71d
vj ~ N(0,1n°)

Mixed-Effects Johnson-Cook

%107

© 298K, 25E-3s"
A 298K, 1.0E-3s™
* 294K, 2.0E-3s"
] -1
|5 v 293K, 1.0E-3s
1 | | | | |
0 0.1 0.2 0.3 0.4 0.5
Strain (e)

Tij = [(A +r1) + (B + rzi)sé““‘“)]

ry~ N(Oa\Ij) y Vij %N(07772)
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Mixed-Effects Model Selection

= Traditional method: Information criteria

— Score to assess quality of model (lower score = better model)
— AIC or BIC

L(é) Likelihood evaluated at optimal | Encourages

AlC = —2 111(L<é)) + 2]? parameter estimate 6 goodness of fit

P | Number of parameters Discourages

BIC = =2 ln(L(é)) + pIn(N) N | Number of data points overfitting

— Prohibitive for models with a large number of parameters

« Must consider 2{# Fixed Effects + # Random Effects} models

= Our method
— Reduce the number of models/parameter sets (parameter subset selection)

— Evaluate remaining models using information criteria

. . \"‘l
@ Lawrence Livermore National Laboratory N IS&%“ 8

LLNL-PRES-754903



Mixed-Effects Parameter Subset Selection (PSS)
Algorithm

= Based on PSS Algorithm for purely fixed-effects models (Cintrén-
Arias, et al., 2009)

= Qur mixed-effects PSS algorithm

K. Schmidt and R. C. Smith, “A Parameter Subset Selection Algorithm for

Mixed-Effects Models,” International Journal for Uncertainty Quantification,
6(5), 2016.

= We have made improvements to the published algorithm

— Take into account how parameters work together

Goal: Reduce number of models to assess via information criteria
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Mixed-Effects Parameter Subset Selection (PSS)
Algorithm

1) Construct a covariance matrix estimate.

Cov = > SE,, =+/Cov(m,m), m=1,2,...p

pXp

. Smallest parameter
Square roots of diagonals are standard errors. b

uncertainty

2) For each subset of size n, =1,2,...,p, choose the “best” parameter set
a) Rate each of the ,C,,, possible parameter sets (for each data set i)

Assign selection scores a

Oékl - |SE1k/é1]€17 A 7SEnpk:/énpk:1|
For each parameter set

ek — [elka s 70’npk]

—

ak# Groups — |SE1k/91k# Groups’? ** *) SEnpk/ank# Groups

For each data set /, find the smallest &« = Best parameter subset for the ith group
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Mixed-Effects PSS Algorithm (cont.)

b) Determine the best parameter set over all data sets.

Assign the kth parameter set in the ith data set the selection index 7«

* Best parameter set Vk; = 1 Example: Choose subset of size 2

from 4 parameters,
Second best parameter set Vi, = 2 5 data sets

. Ranks for parameter
° subsets of size 2

3 2

Worst parameter set Yk, = P

5 groups
W W W w
il e N R
B~ O O s Ot
SN W) e

Ol = = Ot
DN N

. . = 4 (# Groups) x (pC’np)
c) Calculate selection index sums Ty = > .

1

Smallest sum corresponds to the best set of n, parameters over all data sets
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Results

Parameters Information Criteria

Size of Subset | A B C n r1 ro 1r3 T4 AIC BIC
1 X —7815 —7810

2 | X X —&8240 —8231

31 X X X —8238 —8225

41X X X X —8236 —&8218

b X X X X X —10738 —10741

6 | X X X X X X | —11216 —11220

71X X X X X X X —10734 —10739

“Full”’Model 8 | X X X X X X X X | —11212 —11217

= Chosen Model: i = (A + 351(9"”“)) 1+ (C+rai)In(ey)] (1 —T%) + vy

r; NN(())\IJ) ) VZJ%N(O7772)
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@ Lawrence Livermore National Laboratory N IS@’._%“ 12

LLLLLLLL S-754903



Conclusions and Future Work

= Mixed-effects modeling accounts for material

L ls Fit with Chosen Model
variability

%107

= Mixed-effects PSS paired with information
criteria chose a reasonable parsimonious
model to represent stress-strain data in the
presence of material variability

298 K, 2.5E-3 5™
298 K, 1.0E-3 5™
294 K, 2.0E-3s™
293K, 1.0E-3s™

= Future Work

— Mixed-effects modeling for a range of
experimental conditions

— Different strength models 0 01 Bain > 0t °°

<1 % D> O
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Example of Mixed-Effects Model

= How do we model the heights of 26 boys measured over time?
— Data from Wu (2010).

180

A S o

‘§.~ A T AN T v
Distribution of student heights at Connecticut Agricultural
College. Image from Blakeslee (1914).

Measurement Occasion

— Variation in starting heights and (lesser) variation in slope
— Population variation in height is typically normally distributed
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Example of Mixed-Effects Model

= Which model should we use?

Yi; = (01 + r1i)xij + (02 + 12i) + €45
ri ~ N(0,0) , g; ~ N(0,0°I)

. . F
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Example of Mixed-Effects Model

= Which model should we use?

Yi; = (01 + r1i)xij + (02 + 12i) + €45
ri ~ N(0,0) , g; ~ N(0,0°I)

Yij = 01255 + (02 +1r24) + €45
ri ~ N(0,v) , g ~ N(0,0°I)

. . F
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Sensitivity Analysis for Mixed-Effects Models

= Traditional sensitivity analysis techniques are ineffective
= Consider the model
Yii = (01 +7r1i)xi; + (02 +1r2) + €45
ri ~ N(0,0) , g; ~ N(0,0°I).
= Note that

8%9‘ _ 3%‘3‘ 3,%9' _ ayz’j
891 o 87“1@' aﬂd 892 o 8r2i

— Fixed and random effects have same sensitivity measure

. . J
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Mixed-Effects Parameter Subset Selection (PSS)
Algorithm

1) Check for identifiability issues with the purely fixed-effects model

 e.g., Using Pearson correlation coefficients, pairwise scatter plots, or Bayesian joint
parameter densities

« Fix parameters as necessary

2) Formp=1,2,...,p

a) Construct an estimate Cov = 3% (x"x)" of the covariance matrix containing the
variances and correlations of the fixed and random effects

» Pseudoinverse may be necessary
b) Determine the standard errors SE,, = /Cov(m,m), m=1,2,...p
c) Calculate the selection scores for all i data sets.
There will be ,C,, possible parameter sets.
For the kth parameter set in the ith data set, ax, = |ous, a2, ..., 0, )il
where oy, = |SEu, /0l , £=1,2,...,,Ch..
The smallest selection score for the ith data set corresponds to the “best” set of
n, parameters (with the lowest estimation uncertainty) for that data set.

LLNL-PRES-754903
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Mixed-Effects PSS Algorithm (cont.)

d) Determine the best parameter set over all data sets.

Assign the kth parameter set in the jith data set the selection index Vk;
* Best parameter set Yk; — 1

Second best parameter set Yk, = 2

Worst parameter set Vi, — D

e) Calculate selection index sums Ty = > "~

)

* The smallest selection index sum corresponds to the best set of n, parameters over all data
sets
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