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Why Use Mixed-Effects Models?  
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Desirable Situation
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Reality

nominal model

McAdams Correlation: F = ⇠1Re⇠2

§ One set of parameters does not work for all groups
— e.g., biological variation, differently manufactured materials, etc.
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§ “Traditional” Statistical Model

§ Mixed-Effects Model

Traditional vs Mixed-Effects Models

yij = f(xij ;�, bi) + "ij

Assumptions:  

Fixed 
Effects

Random 
Effects

Different random effect 
parameters for each group

yj = f(xj ; ✓) + "j , "j ⇠ N(0,�2)
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Uncertainty Quantification for Mixed-Effects Models

§ Bayesian inference
— Estimate parameters and quantify uncertainty
— Models in physics and biology can be high dimensional 

• Bayesian inference may not be feasible

§ Reduce the number of model parameters
— Sensitivity analysis, dimension reduction, model selection, etc.

• Many techniques cannot be generalized to mixed-effects models  

Focus: A method for selecting a parsimonious mixed-effect model
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Materials Strength Model:  Stress-Strain Data

§ 4 data sets for Tantalum
[1] (Murr, et al., 1995)
[2] (Gourdin, et al., 1994)
[3] (Johnson and Holmquist, 1989)
[4] (Perez-Prado, et al., 2001)

§ Similar experimental 
conditions, very different 
responses

Physics illustrations from (NDT Resource Center, 2008)
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Materials Strength Model:  Example 

§ Johnson-Cook Model

§ Statistical model

§ Note that the same experimental 
conditions (temperature and strain rate) 
should produce the same response

"̇⇤p :=
"̇p
"̇p0

and T ⇤ :=
T � T0

Tm � T0

� =
�
A+B"np

� �
1 + C ln("̇⇤p)

� ⇣
1� T ⇤m

⌘

�j = (A+B"np )
�
1 + C ln("̇⇤p)

� ⇣
1� T ⇤m

⌘
+ ⌫j
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Model Term Physical Interpretation

� Stress

"p Strain

"̇p Strain Rate

"̇p0 Reference Strain Rate (1.0 s

�1
)

T Temperature

Tm Melting Temperature (3250 K)

T0 Room Temperature (290 K)

A,B,C,m, n Model Parameters (m = 1)
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Materials Strength Model:  Fixed vs Mixed-Effects

Traditional Johnson-Cook Mixed-Effects Johnson-Cook

⌫j ⇠ N(0, ⌘2)
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<latexit sha1_base64="SYzT45JzfxX8sWlqTMuYaWTy5yg="></latexit><latexit sha1_base64="SYzT45JzfxX8sWlqTMuYaWTy5yg="></latexit><latexit sha1_base64="SYzT45JzfxX8sWlqTMuYaWTy5yg="></latexit><latexit sha1_base64="SYzT45JzfxX8sWlqTMuYaWTy5yg="></latexit>
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<latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit><latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit><latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit><latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit>

iid
<latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit><latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit><latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit><latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit>
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Mixed-Effects Model Selection

§ Traditional method:  Information criteria
— Score to assess quality of model (lower score = better model)
— AIC or BIC

— Prohibitive for models with a large number of parameters
• Must consider 2{# Fixed Effects + # Random Effects} models

§ Our method
— Reduce the number of models/parameter sets (parameter subset selection)
— Evaluate remaining models using information criteria

AIC = �2 ln(L(✓̂)) + 2p
<latexit sha1_base64="pXdUnNWw/8Ilh+aRH79FORLBKck="></latexit><latexit sha1_base64="pXdUnNWw/8Ilh+aRH79FORLBKck="></latexit><latexit sha1_base64="pXdUnNWw/8Ilh+aRH79FORLBKck="></latexit><latexit sha1_base64="pXdUnNWw/8Ilh+aRH79FORLBKck="></latexit>

BIC = �2 ln(L(✓̂)) + p ln(N)
<latexit sha1_base64="FgfhVI6jkN9b4Rq1bMpdstG2yIA="></latexit><latexit sha1_base64="FgfhVI6jkN9b4Rq1bMpdstG2yIA="></latexit><latexit sha1_base64="FgfhVI6jkN9b4Rq1bMpdstG2yIA="></latexit><latexit sha1_base64="FgfhVI6jkN9b4Rq1bMpdstG2yIA="></latexit>

Likelihood evaluated at optimal 
parameter estimate

Encourages 
goodness of fit

Number of parameters Discourages 
overfittingNumber of data points

L(✓̂)
<latexit sha1_base64="nYKM0VYLgnzPhcsD/14S7/TU51M="></latexit><latexit sha1_base64="nYKM0VYLgnzPhcsD/14S7/TU51M="></latexit><latexit sha1_base64="nYKM0VYLgnzPhcsD/14S7/TU51M="></latexit><latexit sha1_base64="nYKM0VYLgnzPhcsD/14S7/TU51M="></latexit> ✓̂

<latexit sha1_base64="EYs2Vc4Y/gXybEBr4sb2K2CfH8s=">AAACSnicbVBNT8JAEN0iKuIHoEcvjWDiwZCWix5JvHjERD4SSsh2u6Ubtt1md4qQhl/iVf+Nf8C/4c14caE9CPiSSV7ezGTmPTfmTIFlfRqFveL+wWHpqHx8cnpWqdbOe0okktAuEVzIgYsV5SyiXWDA6SCWFIcup313+rDq92dUKiaiZ1jEdBTiScR8RjBoaVytNJwAQ+pAQAEvG+VxtW41rTXMXWLnpI5ydMY1o+54giQhjYBwrNTQtmIYpVgCI5wuy06iaIzJFE/oUNMIh1SN0vXnS/NaK57pC6krAnOt/t1IcajUInT1ZIghUNu9lfhfb5iAfz9KWRQnQCOSHfITboIwVzGYHpOUAF9ogolk+leTBFhiAjqsjSthwoFJ8bLhJNVrE1fMN+15Mxar3OA8c1jOoGO1t0PcJb1W07aa9lOr3r7NAy6hS3SFbpCN7lAbPaIO6iKCEvSK3tC78WF8Gd/GTzZaMPKdC7SBQvEXRR6w9w==</latexit><latexit sha1_base64="EYs2Vc4Y/gXybEBr4sb2K2CfH8s=">AAACSnicbVBNT8JAEN0iKuIHoEcvjWDiwZCWix5JvHjERD4SSsh2u6Ubtt1md4qQhl/iVf+Nf8C/4c14caE9CPiSSV7ezGTmPTfmTIFlfRqFveL+wWHpqHx8cnpWqdbOe0okktAuEVzIgYsV5SyiXWDA6SCWFIcup313+rDq92dUKiaiZ1jEdBTiScR8RjBoaVytNJwAQ+pAQAEvG+VxtW41rTXMXWLnpI5ydMY1o+54giQhjYBwrNTQtmIYpVgCI5wuy06iaIzJFE/oUNMIh1SN0vXnS/NaK57pC6krAnOt/t1IcajUInT1ZIghUNu9lfhfb5iAfz9KWRQnQCOSHfITboIwVzGYHpOUAF9ogolk+leTBFhiAjqsjSthwoFJ8bLhJNVrE1fMN+15Mxar3OA8c1jOoGO1t0PcJb1W07aa9lOr3r7NAy6hS3SFbpCN7lAbPaIO6iKCEvSK3tC78WF8Gd/GTzZaMPKdC7SBQvEXRR6w9w==</latexit><latexit sha1_base64="EYs2Vc4Y/gXybEBr4sb2K2CfH8s=">AAACSnicbVBNT8JAEN0iKuIHoEcvjWDiwZCWix5JvHjERD4SSsh2u6Ubtt1md4qQhl/iVf+Nf8C/4c14caE9CPiSSV7ezGTmPTfmTIFlfRqFveL+wWHpqHx8cnpWqdbOe0okktAuEVzIgYsV5SyiXWDA6SCWFIcup313+rDq92dUKiaiZ1jEdBTiScR8RjBoaVytNJwAQ+pAQAEvG+VxtW41rTXMXWLnpI5ydMY1o+54giQhjYBwrNTQtmIYpVgCI5wuy06iaIzJFE/oUNMIh1SN0vXnS/NaK57pC6krAnOt/t1IcajUInT1ZIghUNu9lfhfb5iAfz9KWRQnQCOSHfITboIwVzGYHpOUAF9ogolk+leTBFhiAjqsjSthwoFJ8bLhJNVrE1fMN+15Mxar3OA8c1jOoGO1t0PcJb1W07aa9lOr3r7NAy6hS3SFbpCN7lAbPaIO6iKCEvSK3tC78WF8Gd/GTzZaMPKdC7SBQvEXRR6w9w==</latexit><latexit sha1_base64="EYs2Vc4Y/gXybEBr4sb2K2CfH8s=">AAACSnicbVBNT8JAEN0iKuIHoEcvjWDiwZCWix5JvHjERD4SSsh2u6Ubtt1md4qQhl/iVf+Nf8C/4c14caE9CPiSSV7ezGTmPTfmTIFlfRqFveL+wWHpqHx8cnpWqdbOe0okktAuEVzIgYsV5SyiXWDA6SCWFIcup313+rDq92dUKiaiZ1jEdBTiScR8RjBoaVytNJwAQ+pAQAEvG+VxtW41rTXMXWLnpI5ydMY1o+54giQhjYBwrNTQtmIYpVgCI5wuy06iaIzJFE/oUNMIh1SN0vXnS/NaK57pC6krAnOt/t1IcajUInT1ZIghUNu9lfhfb5iAfz9KWRQnQCOSHfITboIwVzGYHpOUAF9ogolk+leTBFhiAjqsjSthwoFJ8bLhJNVrE1fMN+15Mxar3OA8c1jOoGO1t0PcJb1W07aa9lOr3r7NAy6hS3SFbpCN7lAbPaIO6iKCEvSK3tC78WF8Gd/GTzZaMPKdC7SBQvEXRR6w9w==</latexit>

p
<latexit sha1_base64="dWCk57nyLj8Ke48LA8qP/t8bqjA=">AAACPXicbVC7TsMwFHV4lvBqYWSJSJEYUJV0gbESC2OR6ENqo8pxnNaqE1u2U1pF/QVW+Bu+gw9gQ6ysOE0G0nKkKx2de6/uPcfnlEjlOB/G1vbO7t5+5cA8PDo+Oa3WzrqSJQLhDmKUib4PJaYkxh1FFMV9LjCMfIp7/vQ+6/dmWEjC4ie14NiL4DgmIUFQZVKd181R1XYazgrWJnELYoMC7VHNsIcBQ0mEY4UolHLgOlx5KRSKIIqX5jCRmEM0hWM80DSGEZZeunp2aV1pJbBCJnTFylqpfzdSGEm5iHw9GUE1keu9TPyvN0hUeOelJOaJwjHKD4UJtRSzMudWQARGii40gUgQ/auFJlBApHQ+pStRQhUR7LnkJNVrY5/Ny/aCGeGyMDjPHZo5dKzueoibpNtsuE7DfWzarZsi4Aq4AJfgGrjgFrTAA2iDDkBgAl7AK3gz3o1P48v4zke3jGLnHJRg/PwCnlCsxA==</latexit><latexit sha1_base64="dWCk57nyLj8Ke48LA8qP/t8bqjA=">AAACPXicbVC7TsMwFHV4lvBqYWSJSJEYUJV0gbESC2OR6ENqo8pxnNaqE1u2U1pF/QVW+Bu+gw9gQ6ysOE0G0nKkKx2de6/uPcfnlEjlOB/G1vbO7t5+5cA8PDo+Oa3WzrqSJQLhDmKUib4PJaYkxh1FFMV9LjCMfIp7/vQ+6/dmWEjC4ie14NiL4DgmIUFQZVKd181R1XYazgrWJnELYoMC7VHNsIcBQ0mEY4UolHLgOlx5KRSKIIqX5jCRmEM0hWM80DSGEZZeunp2aV1pJbBCJnTFylqpfzdSGEm5iHw9GUE1keu9TPyvN0hUeOelJOaJwjHKD4UJtRSzMudWQARGii40gUgQ/auFJlBApHQ+pStRQhUR7LnkJNVrY5/Ny/aCGeGyMDjPHZo5dKzueoibpNtsuE7DfWzarZsi4Aq4AJfgGrjgFrTAA2iDDkBgAl7AK3gz3o1P48v4zke3jGLnHJRg/PwCnlCsxA==</latexit><latexit sha1_base64="dWCk57nyLj8Ke48LA8qP/t8bqjA=">AAACPXicbVC7TsMwFHV4lvBqYWSJSJEYUJV0gbESC2OR6ENqo8pxnNaqE1u2U1pF/QVW+Bu+gw9gQ6ysOE0G0nKkKx2de6/uPcfnlEjlOB/G1vbO7t5+5cA8PDo+Oa3WzrqSJQLhDmKUib4PJaYkxh1FFMV9LjCMfIp7/vQ+6/dmWEjC4ie14NiL4DgmIUFQZVKd181R1XYazgrWJnELYoMC7VHNsIcBQ0mEY4UolHLgOlx5KRSKIIqX5jCRmEM0hWM80DSGEZZeunp2aV1pJbBCJnTFylqpfzdSGEm5iHw9GUE1keu9TPyvN0hUeOelJOaJwjHKD4UJtRSzMudWQARGii40gUgQ/auFJlBApHQ+pStRQhUR7LnkJNVrY5/Ny/aCGeGyMDjPHZo5dKzueoibpNtsuE7DfWzarZsi4Aq4AJfgGrjgFrTAA2iDDkBgAl7AK3gz3o1P48v4zke3jGLnHJRg/PwCnlCsxA==</latexit><latexit sha1_base64="dWCk57nyLj8Ke48LA8qP/t8bqjA=">AAACPXicbVC7TsMwFHV4lvBqYWSJSJEYUJV0gbESC2OR6ENqo8pxnNaqE1u2U1pF/QVW+Bu+gw9gQ6ysOE0G0nKkKx2de6/uPcfnlEjlOB/G1vbO7t5+5cA8PDo+Oa3WzrqSJQLhDmKUib4PJaYkxh1FFMV9LjCMfIp7/vQ+6/dmWEjC4ie14NiL4DgmIUFQZVKd181R1XYazgrWJnELYoMC7VHNsIcBQ0mEY4UolHLgOlx5KRSKIIqX5jCRmEM0hWM80DSGEZZeunp2aV1pJbBCJnTFylqpfzdSGEm5iHw9GUE1keu9TPyvN0hUeOelJOaJwjHKD4UJtRSzMudWQARGii40gUgQ/auFJlBApHQ+pStRQhUR7LnkJNVrY5/Ny/aCGeGyMDjPHZo5dKzueoibpNtsuE7DfWzarZsi4Aq4AJfgGrjgFrTAA2iDDkBgAl7AK3gz3o1P48v4zke3jGLnHJRg/PwCnlCsxA==</latexit>

N
<latexit sha1_base64="KKH78UjEpPTNLMu+BTHxId1XdKM=">AAACPXicbVDLSsNAFJ3UV42vVpdugqngQkrSjS4LblxJBfuANpTJZNIOncyEmUltCf0Ft/o3focf4E7cunXaZGFaD1w4nHsv957jx5RI5TgfRmlre2d3r7xvHhweHZ9UqqcdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX9yt+x3p1hIwtmTmsfYi+CIkZAgqJZS7aFmDiu2U3dWsDaJmxMb5GgNq4Y9CDhKIswUolDKvuvEykuhUARRvDAHicQxRBM4wn1NGYyw9NLVswvrUiuBFXKhiylrpf7dSGEk5Tzy9WQE1Viu95bif71+osJbLyUsThRmKDsUJtRS3Fo6twIiMFJ0rglEguhfLTSGAiKl8ylciRKqiODPBSepXhv5fFa0F0xJLHODs8yhmUHH6q6HuEk6jbrr1N3Hht28zgMug3NwAa6AC25AE9yDFmgDBMbgBbyCN+Pd+DS+jO9stGTkO2egAOPnF1+grKI=</latexit><latexit sha1_base64="KKH78UjEpPTNLMu+BTHxId1XdKM=">AAACPXicbVDLSsNAFJ3UV42vVpdugqngQkrSjS4LblxJBfuANpTJZNIOncyEmUltCf0Ft/o3focf4E7cunXaZGFaD1w4nHsv957jx5RI5TgfRmlre2d3r7xvHhweHZ9UqqcdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX9yt+x3p1hIwtmTmsfYi+CIkZAgqJZS7aFmDiu2U3dWsDaJmxMb5GgNq4Y9CDhKIswUolDKvuvEykuhUARRvDAHicQxRBM4wn1NGYyw9NLVswvrUiuBFXKhiylrpf7dSGEk5Tzy9WQE1Viu95bif71+osJbLyUsThRmKDsUJtRS3Fo6twIiMFJ0rglEguhfLTSGAiKl8ylciRKqiODPBSepXhv5fFa0F0xJLHODs8yhmUHH6q6HuEk6jbrr1N3Hht28zgMug3NwAa6AC25AE9yDFmgDBMbgBbyCN+Pd+DS+jO9stGTkO2egAOPnF1+grKI=</latexit><latexit sha1_base64="KKH78UjEpPTNLMu+BTHxId1XdKM=">AAACPXicbVDLSsNAFJ3UV42vVpdugqngQkrSjS4LblxJBfuANpTJZNIOncyEmUltCf0Ft/o3focf4E7cunXaZGFaD1w4nHsv957jx5RI5TgfRmlre2d3r7xvHhweHZ9UqqcdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX9yt+x3p1hIwtmTmsfYi+CIkZAgqJZS7aFmDiu2U3dWsDaJmxMb5GgNq4Y9CDhKIswUolDKvuvEykuhUARRvDAHicQxRBM4wn1NGYyw9NLVswvrUiuBFXKhiylrpf7dSGEk5Tzy9WQE1Viu95bif71+osJbLyUsThRmKDsUJtRS3Fo6twIiMFJ0rglEguhfLTSGAiKl8ylciRKqiODPBSepXhv5fFa0F0xJLHODs8yhmUHH6q6HuEk6jbrr1N3Hht28zgMug3NwAa6AC25AE9yDFmgDBMbgBbyCN+Pd+DS+jO9stGTkO2egAOPnF1+grKI=</latexit><latexit sha1_base64="KKH78UjEpPTNLMu+BTHxId1XdKM=">AAACPXicbVDLSsNAFJ3UV42vVpdugqngQkrSjS4LblxJBfuANpTJZNIOncyEmUltCf0Ft/o3focf4E7cunXaZGFaD1w4nHsv957jx5RI5TgfRmlre2d3r7xvHhweHZ9UqqcdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX9yt+x3p1hIwtmTmsfYi+CIkZAgqJZS7aFmDiu2U3dWsDaJmxMb5GgNq4Y9CDhKIswUolDKvuvEykuhUARRvDAHicQxRBM4wn1NGYyw9NLVswvrUiuBFXKhiylrpf7dSGEk5Tzy9WQE1Viu95bif71+osJbLyUsThRmKDsUJtRS3Fo6twIiMFJ0rglEguhfLTSGAiKl8ylciRKqiODPBSepXhv5fFa0F0xJLHODs8yhmUHH6q6HuEk6jbrr1N3Hht28zgMug3NwAa6AC25AE9yDFmgDBMbgBbyCN+Pd+DS+jO9stGTkO2egAOPnF1+grKI=</latexit>
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Mixed-Effects Parameter Subset Selection (PSS) 
Algorithm

§ Based on PSS Algorithm for purely fixed-effects models (Cintrón-
Arias, et al., 2009) 

§ Our mixed-effects PSS algorithm 
K. Schmidt and R. C. Smith,  “A Parameter Subset Selection Algorithm for 
Mixed-Effects Models,” International Journal for Uncertainty Quantification, 
6(5), 2016.

§ We have made improvements to the published algorithm 
— Take into account how parameters work together

Goal: Reduce number of models to assess via information criteria
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Mixed-Effects Parameter Subset Selection (PSS) 
Algorithm

1) Construct a covariance matrix estimate.                                             

Square roots of diagonals are standard errors.   

2) For each subset of size                           ,  choose the “best” parameter set
a) Rate each of the           possible parameter sets (for each data set i)  

np = 1, 2, . . . , p
<latexit sha1_base64="WPI1dLRpuG7AA2eLKT364nfzi08=">AAACNHicbVDLTgIxFO3gC/EFutNNI5i4IGSGjW5MiG5cYiKPBAjplAINnXbS3lHJhMSvcasr/8XEnXHrN1gGFgKepMnJOffk9h4/FNyA6344qbX1jc2t9HZmZ3dv/yCbO6wbFWnKalQJpZs+MUxwyWrAQbBmqBkJfMEa/uhm6jcemDZcyXsYh6wTkIHkfU4JWKmbPS4UZDfEV9gr4nIRt3sKTBGHhQLOdLN5t+QmwKvEm5M8mqPazTkpm6dRwCRQQYxpeW4InZho4FSwSaYdGRYSOiID1rJUkoCZTpwcMcFnVunhvtL2ScCJ+jcRk8CYceDbyYDA0Cx7U/E/rxVB/7ITcxlGwCSdLepHAoPC00Zwj2tGQYwtIVRz+1dMh0QTCra3hS1BJIBr9bhwSWxjA189TTIJbGveckerpF4ueW7JuyvnK9fz/tLoBJ2ic+ShC1RBt6iKaoiiZ/SCXtGb8+58Ol/O92w05cwzR2gBzs8vA/Cllg==</latexit><latexit sha1_base64="WPI1dLRpuG7AA2eLKT364nfzi08=">AAACNHicbVDLTgIxFO3gC/EFutNNI5i4IGSGjW5MiG5cYiKPBAjplAINnXbS3lHJhMSvcasr/8XEnXHrN1gGFgKepMnJOffk9h4/FNyA6344qbX1jc2t9HZmZ3dv/yCbO6wbFWnKalQJpZs+MUxwyWrAQbBmqBkJfMEa/uhm6jcemDZcyXsYh6wTkIHkfU4JWKmbPS4UZDfEV9gr4nIRt3sKTBGHhQLOdLN5t+QmwKvEm5M8mqPazTkpm6dRwCRQQYxpeW4InZho4FSwSaYdGRYSOiID1rJUkoCZTpwcMcFnVunhvtL2ScCJ+jcRk8CYceDbyYDA0Cx7U/E/rxVB/7ITcxlGwCSdLepHAoPC00Zwj2tGQYwtIVRz+1dMh0QTCra3hS1BJIBr9bhwSWxjA189TTIJbGveckerpF4ueW7JuyvnK9fz/tLoBJ2ic+ShC1RBt6iKaoiiZ/SCXtGb8+58Ol/O92w05cwzR2gBzs8vA/Cllg==</latexit><latexit sha1_base64="WPI1dLRpuG7AA2eLKT364nfzi08=">AAACNHicbVDLTgIxFO3gC/EFutNNI5i4IGSGjW5MiG5cYiKPBAjplAINnXbS3lHJhMSvcasr/8XEnXHrN1gGFgKepMnJOffk9h4/FNyA6344qbX1jc2t9HZmZ3dv/yCbO6wbFWnKalQJpZs+MUxwyWrAQbBmqBkJfMEa/uhm6jcemDZcyXsYh6wTkIHkfU4JWKmbPS4UZDfEV9gr4nIRt3sKTBGHhQLOdLN5t+QmwKvEm5M8mqPazTkpm6dRwCRQQYxpeW4InZho4FSwSaYdGRYSOiID1rJUkoCZTpwcMcFnVunhvtL2ScCJ+jcRk8CYceDbyYDA0Cx7U/E/rxVB/7ITcxlGwCSdLepHAoPC00Zwj2tGQYwtIVRz+1dMh0QTCra3hS1BJIBr9bhwSWxjA189TTIJbGveckerpF4ueW7JuyvnK9fz/tLoBJ2ic+ShC1RBt6iKaoiiZ/SCXtGb8+58Ol/O92w05cwzR2gBzs8vA/Cllg==</latexit><latexit sha1_base64="WPI1dLRpuG7AA2eLKT364nfzi08=">AAACNHicbVDLTgIxFO3gC/EFutNNI5i4IGSGjW5MiG5cYiKPBAjplAINnXbS3lHJhMSvcasr/8XEnXHrN1gGFgKepMnJOffk9h4/FNyA6344qbX1jc2t9HZmZ3dv/yCbO6wbFWnKalQJpZs+MUxwyWrAQbBmqBkJfMEa/uhm6jcemDZcyXsYh6wTkIHkfU4JWKmbPS4UZDfEV9gr4nIRt3sKTBGHhQLOdLN5t+QmwKvEm5M8mqPazTkpm6dRwCRQQYxpeW4InZho4FSwSaYdGRYSOiID1rJUkoCZTpwcMcFnVunhvtL2ScCJ+jcRk8CYceDbyYDA0Cx7U/E/rxVB/7ITcxlGwCSdLepHAoPC00Zwj2tGQYwtIVRz+1dMh0QTCra3hS1BJIBr9bhwSWxjA189TTIJbGveckerpF4ueW7JuyvnK9fz/tLoBJ2ic+ShC1RBt6iKaoiiZ/SCXtGb8+58Ol/O92w05cwzR2gBzs8vA/Cllg==</latexit>

pCnp
<latexit sha1_base64="o9fMhaUs3u9qBx91CEREOKe+lEM=">AAACK3icbVC7TsMwFHXKq4RXCyOLRYPEVCVdYKzUhbFI9CG1UeS4bmvVsSPboVRRPoUVJr6GCcTKf+CmGWjLkSwdnXOP7vUJY0aVdt1Pq7Szu7d/UD60j45PTs8q1fOuEonEpIMFE7IfIkUY5aSjqWakH0uCopCRXjhrLf3eE5GKCv6oFzHxIzThdEwx0kYKKlXHCdI4awUpD+LMcaAdVGpu3c0Bt4lXkBoo0A6qVmk4EjiJCNeYIaUGnhtrP0VSU8xIZg8TRWKEZ2hCBoZyFBHlp/ntGbw2ygiOhTSPa5irfxMpipRaRKGZjJCeqk1vKf7nDRI9vvNTyuNEE45Xi8YJg1rAZRFwRCXBmi0MQVhScyvEUyQR1qautS1RwjSVYr72k9TEJqF4zuwcpjVvs6Nt0m3UPbfuPTRqTbforwwuwRW4AR64BU1wD9qgAzCYgxfwCt6sd+vD+rK+V6Mlq8hcgDVYP7/+OqRB</latexit><latexit sha1_base64="o9fMhaUs3u9qBx91CEREOKe+lEM=">AAACK3icbVC7TsMwFHXKq4RXCyOLRYPEVCVdYKzUhbFI9CG1UeS4bmvVsSPboVRRPoUVJr6GCcTKf+CmGWjLkSwdnXOP7vUJY0aVdt1Pq7Szu7d/UD60j45PTs8q1fOuEonEpIMFE7IfIkUY5aSjqWakH0uCopCRXjhrLf3eE5GKCv6oFzHxIzThdEwx0kYKKlXHCdI4awUpD+LMcaAdVGpu3c0Bt4lXkBoo0A6qVmk4EjiJCNeYIaUGnhtrP0VSU8xIZg8TRWKEZ2hCBoZyFBHlp/ntGbw2ygiOhTSPa5irfxMpipRaRKGZjJCeqk1vKf7nDRI9vvNTyuNEE45Xi8YJg1rAZRFwRCXBmi0MQVhScyvEUyQR1qautS1RwjSVYr72k9TEJqF4zuwcpjVvs6Nt0m3UPbfuPTRqTbforwwuwRW4AR64BU1wD9qgAzCYgxfwCt6sd+vD+rK+V6Mlq8hcgDVYP7/+OqRB</latexit><latexit sha1_base64="o9fMhaUs3u9qBx91CEREOKe+lEM=">AAACK3icbVC7TsMwFHXKq4RXCyOLRYPEVCVdYKzUhbFI9CG1UeS4bmvVsSPboVRRPoUVJr6GCcTKf+CmGWjLkSwdnXOP7vUJY0aVdt1Pq7Szu7d/UD60j45PTs8q1fOuEonEpIMFE7IfIkUY5aSjqWakH0uCopCRXjhrLf3eE5GKCv6oFzHxIzThdEwx0kYKKlXHCdI4awUpD+LMcaAdVGpu3c0Bt4lXkBoo0A6qVmk4EjiJCNeYIaUGnhtrP0VSU8xIZg8TRWKEZ2hCBoZyFBHlp/ntGbw2ygiOhTSPa5irfxMpipRaRKGZjJCeqk1vKf7nDRI9vvNTyuNEE45Xi8YJg1rAZRFwRCXBmi0MQVhScyvEUyQR1qautS1RwjSVYr72k9TEJqF4zuwcpjVvs6Nt0m3UPbfuPTRqTbforwwuwRW4AR64BU1wD9qgAzCYgxfwCt6sd+vD+rK+V6Mlq8hcgDVYP7/+OqRB</latexit><latexit sha1_base64="o9fMhaUs3u9qBx91CEREOKe+lEM=">AAACK3icbVC7TsMwFHXKq4RXCyOLRYPEVCVdYKzUhbFI9CG1UeS4bmvVsSPboVRRPoUVJr6GCcTKf+CmGWjLkSwdnXOP7vUJY0aVdt1Pq7Szu7d/UD60j45PTs8q1fOuEonEpIMFE7IfIkUY5aSjqWakH0uCopCRXjhrLf3eE5GKCv6oFzHxIzThdEwx0kYKKlXHCdI4awUpD+LMcaAdVGpu3c0Bt4lXkBoo0A6qVmk4EjiJCNeYIaUGnhtrP0VSU8xIZg8TRWKEZ2hCBoZyFBHlp/ntGbw2ygiOhTSPa5irfxMpipRaRKGZjJCeqk1vKf7nDRI9vvNTyuNEE45Xi8YJg1rAZRFwRCXBmi0MQVhScyvEUyQR1qautS1RwjSVYr72k9TEJqF4zuwcpjVvs6Nt0m3UPbfuPTRqTbforwwuwRW4AR64BU1wD9qgAzCYgxfwCt6sd+vD+rK+V6Mlq8hcgDVYP7/+OqRB</latexit>

Cov =

2

6664

�

2
1 �12 . . . �1p

�21 �

2
2 . . . �2p

...
. . .

...
�p1 �p2 . . . �

2
p

3

7775

p⇥p
<latexit sha1_base64="gAuMbbDGl3afyt7mZQRMlqYbRWY="></latexit><latexit sha1_base64="gAuMbbDGl3afyt7mZQRMlqYbRWY="></latexit><latexit sha1_base64="gAuMbbDGl3afyt7mZQRMlqYbRWY="></latexit><latexit sha1_base64="gAuMbbDGl3afyt7mZQRMlqYbRWY="></latexit>

SEm =
p
Cov(m,m) , m = 1, 2, . . . p

<latexit sha1_base64="nREpZkndyfwMeHEV+3PK69pK3dw="></latexit><latexit sha1_base64="nREpZkndyfwMeHEV+3PK69pK3dw="></latexit><latexit sha1_base64="nREpZkndyfwMeHEV+3PK69pK3dw="></latexit><latexit sha1_base64="nREpZkndyfwMeHEV+3PK69pK3dw="></latexit>

Smallest parameter 
uncertainty 

For each parameter set
✓k = [✓1k, . . . , ✓npk]

<latexit sha1_base64="ribCHin+gYnj/iHvpKT0jdU+E0s="></latexit><latexit sha1_base64="ribCHin+gYnj/iHvpKT0jdU+E0s="></latexit><latexit sha1_base64="ribCHin+gYnj/iHvpKT0jdU+E0s="></latexit><latexit sha1_base64="ribCHin+gYnj/iHvpKT0jdU+E0s="></latexit>

Assign selection scores !

↵k
1

= |SE1k/✓̂1k
1

, . . . , SEnpk/✓̂npk1

|

...

↵k
# Groups

= |SE1k/✓̂1k
# Groups

, . . . , SEnpk/✓̂npk# Groups

|
<latexit sha1_base64="Rp1x3tGhm/48VPiE40aJ+YTWxcc="></latexit><latexit sha1_base64="Rp1x3tGhm/48VPiE40aJ+YTWxcc="></latexit><latexit sha1_base64="Rp1x3tGhm/48VPiE40aJ+YTWxcc="></latexit><latexit sha1_base64="Rp1x3tGhm/48VPiE40aJ+YTWxcc="></latexit>

For each data set i, find the smallest ! ⟹ Best parameter subset for the ith group 
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Mixed-Effects PSS Algorithm (cont.)

b) Determine the best parameter set over all data sets.
Assign the kth parameter set in the ith data set the selection index 
• Best parameter set 
• Second best parameter set

• Worst parameter set

c) Calculate selection index sums 

�ki

�ki = 1

�ki = 2

�ki = p

�k =
P
i
�ki

...

Example:  Choose subset of size 2 
from 4 parameters, 
5 data sets 

Ranks for parameter 
subsets of  size 2

5 
gr

ou
ps

2

66664

4 3 2 1 5 6
3 5 2 1 4 6
3 4 1 2 6 5
3 4 2 1 6 5
3 5 2 1 4 6

3

77775

pCnp⇥(# Groups)

<latexit sha1_base64="awBdY339ft1qWricJS0mHSotLV0="></latexit><latexit sha1_base64="awBdY339ft1qWricJS0mHSotLV0="></latexit><latexit sha1_base64="awBdY339ft1qWricJS0mHSotLV0="></latexit><latexit sha1_base64="awBdY339ft1qWricJS0mHSotLV0="></latexit>

Smallest sum corresponds to the best set of np parameters over all data sets 

(# Groups)⇥ (pCnp)
<latexit sha1_base64="8dhRZUM6MxCRUr5trN60v7vpJ8s="></latexit><latexit sha1_base64="8dhRZUM6MxCRUr5trN60v7vpJ8s="></latexit><latexit sha1_base64="8dhRZUM6MxCRUr5trN60v7vpJ8s="></latexit><latexit sha1_base64="8dhRZUM6MxCRUr5trN60v7vpJ8s="></latexit>
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Results

§ Chosen Model:  

Parameters Information Criteria

Size of Subset A B C n r1 r2 r3 r4 AIC BIC

1 X �7815 �7810

2 X X �8240 �8231

3 X X X �8238 �8225

4 X X X X �8236 �8218

5 X X X X X �10738 �10741

6 X X X X X X �11216 �11220

7 X X X X X X X �10734 �10739

8 X X X X X X X X �11212 �11217

<latexit sha1_base64="t0Vg/9lLj48nukSyPUN7BrXklpQ="></latexit><latexit sha1_base64="t0Vg/9lLj48nukSyPUN7BrXklpQ="></latexit><latexit sha1_base64="t0Vg/9lLj48nukSyPUN7BrXklpQ="></latexit><latexit sha1_base64="t0Vg/9lLj48nukSyPUN7BrXklpQ="></latexit>

�ij =
⇣
A+B"(n+r4i)

p

⌘ ⇥
1 + (C + r3i) ln("̇

⇤
p)
⇤
(1� T ⇤) + ⌫ij

<latexit sha1_base64="/VozEPvDrp78pdlrHGfAZfTI+RE="></latexit><latexit sha1_base64="/VozEPvDrp78pdlrHGfAZfTI+RE="></latexit><latexit sha1_base64="/VozEPvDrp78pdlrHGfAZfTI+RE="></latexit><latexit sha1_base64="/VozEPvDrp78pdlrHGfAZfTI+RE="></latexit>

ri ⇠ N(0, ) , ⌫ij ⇠ N(0, ⌘2)
<latexit sha1_base64="IM9F+0YddZM8ugPCQ3dIsd9c8iQ="></latexit><latexit sha1_base64="IM9F+0YddZM8ugPCQ3dIsd9c8iQ="></latexit><latexit sha1_base64="IM9F+0YddZM8ugPCQ3dIsd9c8iQ="></latexit><latexit sha1_base64="IM9F+0YddZM8ugPCQ3dIsd9c8iQ="></latexit>

“Full” Model

iid
<latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit><latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit><latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit><latexit sha1_base64="VeKSZ9+8p2GkV/4jzoygxlkY6TE=">AAACQHicbVDLTsJAFJ36RHyBLt00tiasSMtGlyRuXGIijwQImU6nMGEezcwUIQ0f4Vb/xr/wD9wZt64caBcWPMlNTs69N/eeE8SUKO15H9bO7t7+wWHpqHx8cnp2XqledJRIJMJtJKiQvQAqTAnHbU00xb1YYsgCirvB9H7V786wVETwJ72I8ZDBMScRQVAbqeu6hISuO6o4Xt1bw94mfk4ckKM1qlrOIBQoYZhrRKFSfd+L9TCFUhNE8bI8SBSOIZrCMe4byiHDapiu/13aN0YJ7UhIU1zba/XvRgqZUgsWmEkG9URt9lbif71+oqO7YUp4nGjMUXYoSqithb0yb4dEYqTpwhCIJDG/2mgCJUTaRFS4whKqiRTPBSepWRsHYl60F85IrHKD88xhOYOJ1d8McZt0GnXfq/uPDadZywMugStwDWrAB7egCR5AC7QBAlPwAl7Bm/VufVpf1nc2umPlO5egAOvnF+4zreI=</latexit>
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Conclusions and Future Work

§ Mixed-effects modeling accounts for material 
variability

§ Mixed-effects PSS paired with information 
criteria chose a reasonable parsimonious 
model to represent stress-strain data in the 
presence of material variability

§ Future Work
— Mixed-effects modeling for a range of 

experimental conditions
— Different strength models

Fit with Chosen Model

Acknowledgements:  Thanks for Jeffrey Florando, Nathan Barton, and David Rivera for 

materials science insight and ongoing discussion.
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§ How do we model the heights of 26 boys measured over time? 
— Data from Wu (2010).  

— Variation in starting heights and (lesser) variation in slope 
— Population variation in height is typically normally distributed 
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Example of Mixed-Effects Model

Distribution of student heights at Connecticut Agricultural 
College. Image from Blakeslee (1914).
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§ Which model should we use?

Measurement Occasion
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Example of Mixed-Effects Model

yij = (✓1 + r1i)xij + (✓2 + r2i) + "ij

ri ⇠ N(0, ) , "i ⇠ N(0,�2
I)
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§ Which model should we use?

Measurement Occasion
1 2 3 4 5 6 7 8 9

He
ig

ht
 (c

m
)

120

130

140

150

160

170

180

Example of Mixed-Effects Model

yij = (✓1 + r1i)xij + (✓2 + r2i) + "ij

ri ⇠ N(0, ) , "i ⇠ N(0,�2
I)

<latexit sha1_base64="9FOvW7Xla5sNChxOsq7Y0DVBLi4="></latexit><latexit sha1_base64="9FOvW7Xla5sNChxOsq7Y0DVBLi4="></latexit><latexit sha1_base64="9FOvW7Xla5sNChxOsq7Y0DVBLi4="></latexit><latexit sha1_base64="9FOvW7Xla5sNChxOsq7Y0DVBLi4="></latexit>

yij = ✓1xij + (✓2 + r2i) + "ij

r1 ⇠ N(0, ) , "i ⇠ N(0,�2
I)
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Sensitivity Analysis for Mixed-Effects Models

§ Traditional sensitivity analysis techniques are ineffective

§ Consider the model

§ Note that 

— Fixed and random effects have same sensitivity measure

ri ⇠ N(0, ) , "i ⇠ N(0,�2I).

@yij

@✓1
= @yij

@r1i
and @yij

@✓2
= @yij

@r2i

yij = (✓1 + r1i)xij + (✓2 + r2i) + "ij
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Mixed-Effects Parameter Subset Selection (PSS) 
Algorithm

1) Check for identifiability issues with the purely fixed-effects model
• e.g., Using Pearson correlation coefficients, pairwise scatter plots, or Bayesian joint 

parameter densities
• Fix parameters as necessary

2) For 
a) Construct an estimate of the covariance matrix containing the 

variances and correlations of the fixed and random effects
• Pseudoinverse may be necessary

b) Determine the standard errors
c) Calculate the selection scores for all i data sets.

There will be          possible parameter sets.   
For the kth parameter set in the ith data set,                                                 
where 
The smallest selection score for the ith data set corresponds to the “best” set of
np parameters (with the lowest estimation uncertainty) for that data set. 

Cov = ŝ

2
�
�

T
�

�†
np = 1, 2, . . . , p
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SEm =
p
Cov(m,m) , m = 1, 2, . . . p
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Mixed-Effects PSS Algorithm (cont.)

d) Determine the best parameter set over all data sets.
Assign the kth parameter set in the ith data set the selection index 
• Best parameter set 
• Second best parameter set

• Worst parameter set

e) Calculate selection index sums 

• The smallest selection index sum corresponds to the best set of np parameters over all data 
sets

�ki

�ki = 1

�ki = 2

�ki = p

�k =
P
i
�ki

...


